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MARTIN CADEK, MICHAEL CRABB, JIRI VANZURA 

Abstract. Any oriented 4-dimensional real vector bundle is naturally a line bundle 
over a bundle of quaternion algebras. In this paper we give an account of modules 
over bundles of quaternion algebras, discussing Morita equivalence, characteristic 
classes and if-theory. The results have been used to describe obstructions for the 
existence of almost quaternionic structures on 8-dimensional Spin c manifolds in [6] 
and may be of some interest, also, in quaternionic and algebraic geometry. 



1. Introduction 

In this paper we will consider real and complex vector bundles which are modules 
over bundles of quaternion algebras. Our study is motivated by quaternionic geome- 
try: the tangent bundles to quaternionic Kaehler and almost hyper-Kaehler manifolds 
provide examples of such bundles. However, our methods are purely algebraic and 
topological. Following classical ring theory we study Morita equivalence of bundles 
of quaternion algebras. For a given bundle of quaternion algebras we compute the 
Grothendieck group of left modules as a classical AO-group. For modules over a bun- 
dle of quaternion algebras we define characteristic classes and show that they behave as 
well as the Chern classes for complex vector bundles. We also characterize those com- 
plex vector bundles which are bundles over quaternion algebras. In the final section 
we examine bundles of complexified quaternion algebras and their Morita equivalence. 

Our results extend the results obtained by Atiyah and Rees in [2] on complex quater- 
nionic vector bundles and their A-theory and by Marchiafava and Romani ( [T5J [HI E] ) 
concerning characteristic classes. Some of the results proved here were used in [B] 
to derive the obstructions for the existence of almost quaternionic structures on 8- 
dimensional Spin c manifolds and in [2U| to compute indices of elliptic complexes in 
quaternionic geometry. 

All bundles will be considered over a compact Hausdorff space X. Since the structure 
group of a bundle of quaternion algebras has to be Aut(H) = SO (3), every such bundle 
of quaternion algebras over X is of the form R © a where R is a trivial real line bundle 
and a is an oriented 3-dimensional orthogonal vector bundle over X. 
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Definition 1.1. Let a be an oriented 3- dimensional vector bundle over X with a 
positive-definite inner product. We write H a for the bundle of quaternion algebras 
Ml © a with the multiplication given in terms of the inner product (— , — ) and vector 
product x by 

(s, u) • (t, v) = (st — (u,v) , sv + tu + u x v). 
Alternatively, thinking of the group of automorphisms Aut(H) of EI = Rl©IRi©IRj©IRk 
as the special orthogonal group SO(3) of M 3 = imH, we have 

M a = P x Aum M and a = Px SO ( 3 )ffi 3 , 
where P — > X is the principal S0(3) = Aut(H)-bundle given by a. 

It is clear that different inner products on a define isomorphic bundles of quaternion 
algebras. Conjugation : H — >■ H gives an isomorphism from EI to the opposite 
algebra EI° compatible with the action of Aut(EI). Hence H Q and EI° are isomorphic 
as bundles of algebras. Notice that : a — > a (that is, —1) is an orientation-reversing 
isomorphism. 

Definition 1.2. Let £ be a real vector bundle over X. We say that £ is an M a -bundle 
if it has a left El^-module structure, that is, a bundle map M a ©^ £ — > £ that restricts 
to a module structure in each fibre. 

Remark 1.3. An H^-bundle £ has a canonical orientation. To orient the fibre £ x 
at x G X we choose a basis e±, . . . ,e n as EI a;E -vector space and choose an oriented 
orthonormal basis i, j, k of a x . Then e±, iei, jei, kei, . . . , e n , ie n , je n , ke n orients £ x . 
In particular, the orientation of M a is determined by the orientation of a. 

Remark 1.4. If £ has an H a -structure, we may (using a partition of unity to glue 
together local metrics) choose a positive-definite real inner product on £ such that the 
structure homomorphism 

p : U a -> End R (0 
is a *-homomorphism, that is, p(r)* = p(r) for r G H a . 

Given a 4n-dimensional real inner product space V with a left El-module struc- 
ture compatible, as above, with the inner product, we write O(V^) and Sp(l / ) for the 
orthogonal and symplectic groups of V and define 

TSp(V) = {g G 0(V) | g(rv) = n(r)g(v) for some « G Aut(H) and all u G r G EI}. 

(The 'T' is intended to indicate 'twisted'.) It is evidently a subgroup of the special 
orthogonal group SO(V) and we have an extension 

i ->■ Sp(y) ->■ TSp(y) ->■ Aut(M) ->■ i. 

Since automorphisms of EI are inner, we may equivalently describe TSp(V) as the 
subgroup Sp(l) ■ Sp(V) = (Sp(l) x Sp(V))/{±(l, 1)} of orthogonal maps of the form 
v i — y a ' g(v), where a G Sp(l) C EI and g G Sp(V). The group TSp(y) acts (orthogo- 
nally) on EI and on V. 

Lemma 1.5. Let £ be a An- dimensional orthogonal real vector bundle. Then £ admits 
an M a -structure for some a if and only if the structure group of £ reduces from 0(EI n ) 
toTSpiW 1 ). 
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Proof. If the structure group of £ reduces from 0(H") to TSp(HP), there is a principal 
TSp(H™)-bundle P — > X such that £ = P x TSp ( H n) H n . Then we have an oriented 
orthogonal 3-dimensional vector bundle a = P Xxsp(H n ) imH, with an associated 
quaternion algebra H Q = P Xxspffl™) H having an obvious left action on £. The real 
vector space H n has a canonical orientation as a left H-module. Then the choice of 
a TSp(H n )-principal bundle gives orientations to the bundles £ and a such that the 
orientation of £ is canonical with respect to He-structure. 

If £ admits an H Q -structure for some a, then the bundle of frames 

Fr(£) = {/ E Hom(H n , £) | / is a real isometry, f{rv) = p(r)f(v) 
for some p G Iso(H, W a ) and all v G H™, r G H}. 

is a principal TSp(H n )-bundle. As above, £ = Fr(£) x TSp ( H n)H n and H a = Fr(£) x TSp ( H n) 
H. Hence the structure group of £ reduces from 0(H n ) to TSp(H n ). □ 

Remark 1.6. In quaternionic geometry ( [18j [T9] ) a smooth 4n-manifold M is said to 
be almost quaternionic if its tangent bundle is associated to a principal GL(n, H)-Sp(l)- 
bundle. After a choice of compatible metric this principal bundle reduces to a principal 
TSp(n)-bundle P. The sphere bundle S(a) of the vector bundle a = P x TSp ( n ) imH 
is called the twistor space of M. 

Considering H as a 2-dimensional complex vector space with multiplication by com- 
plex numbers from the right and with the standard left action of Sp(l), denote by 
SqM the second symmetric power with the induced action of Sp(l). One can show 
that a eg) C is isomorphic to the complex vector bundle S 2 H = P XtspO) S 2 M. The 
isomorphism is induced by the 5*^(1 )-invariant homomorphism of real representations 
(p : imH 5* 2 H, tp(u) — j (g) u — 1 (g) uj. Formally, S 2 H is the second symmetric 
power of a vector bundle H. Such a bundle H exists globally if 102(a) = 0. Then a is 
associated to a principal Spin(3) = SU(2)-bundle Q, H = Q x SU ( 2 ) H, and the twistor 
space is the complex projective bundle CP(H) ([IB]). 

As a specific example we have the quaternionic projective space HP(H n+1 ) where a 
is the Lie algebra bundle. 

For any H Q -vector bundle £ one can form the associated projective bundle, which 
we denote by M a P(^). 

2. Quaternionic line bundles and Morita equivalence 

Since TSp(H) = SO(4), every oriented 4-dimensional real vector bundle p has an H Q - 
structure for some a. In this section we describe all such structures and their properties 
and define the notion of Morita equivalence of bundles of quaternion algebras. 

Recall the double covers 

Sp(l) x Sp(l) ->• SO(4) = SO(H) (P+ ,P ~ } > SO(3) x SO(3) 

given by mapping (a, b) G Sp(l) x Sp(l) to the map g : v H- avb in SO(H) and g 
to (p+(g), P-(g)) = (p(o), pip)), where p : Sp(l) — > SO(3) maps o to d 4 ava (the 
adjoint representation). 

This leads to a complete description of the twisted quaternionic line bundles. 
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Proposition 2.1. Let \i be an oriented 4- dimensional orthogonal vector bundle over 
X . Write a = p+(p) and j3 = p~(p). Then p is an M. a -line bundle and a right Hg-/me 
bundle, and there is a canonical isomorphism (of bundles of algebras) 

U a =End M (p). 

Conversely, if a is an oriented orthogonal 3- dimensional vector bundle and fi is 
an orthogonal M a -line bundle, then fi acquires an orientation under which p+(p) is 
identified with a and (5 = P-(p) is characterized by an isomorphism (of bundles of 
algebras) 

H° =End HQ (p). 

Moreover, we have 

w 2 (a) = w 2 {/3) = w 2 (fi). 

Proof. Let p be an oriented 4- dimensional orthogonal vector bundle. There is a prin- 
cipal SO(H) = TSp(l)-bundle P such that p = P Xgo(n) EI. From the definition, 
ELj, = P x p+ H and Hg = P x p _M, where p + and p_ determine the respective actions 
of TSp(l) on HI. Then p is a left H a -line and a right HLj-line. Next 

End R (p) = P x so( e) End R (H), 

where the action of SO(H) on End R (HI) is (a, b) ■ f : v i— > af(avb)b. Similarly, 

H Q ® M H° = P x p+0p _ (H ® R HP), 

where p + ®p_ acts on HI(g>HI by (a, b) ■ (/ii®^) = ah{a®bh2b. Since the isomorphism 
of algebras H ®r HP — > End R (EI) given by h\ <g) h 2 i— > (v i— > h\vh2) is invariant under 
the actions of SO(H) described above, we get H Q ® ffi = End R (p). 

Conversely, suppose that p is an orthogonal H a -line. On p consider the canonical 
orientation given by the H^-structure. As in the proof of Lemma H. 51 we can construct 
a principal TSp(l)-bundle P such that p = P Xt^^) H and H a = P x p+ HI. (This 
gives p the canonical orientation with respect to H a .) Hence a = p+(p). 

Further, we have the monomorphism of algebras HPg e — >■ H a cg) R HPg = End R (p). Its 
image is Endn a (p). Consequently, = Ende Q (p). 

Without loss of generality we can assume that X is a finite CW-complex. Every 
4-dimensional real vector bundle p over the 3-skeleton of X has a section. If it is an He- 
line and a right Hg-line, then over the 3-skeleton p = Et Q = M©a and p = HPg = 
Consequently, W2(p) = W2(a) = W2(f3). □ 

Lemma 2.2. The vector bundles a and (3 defined in the previous proposition are iso- 
morphic to the bundles of eigenspaces of the Hodge star operator on A 2 p corresponding 
to the eigenvalues 1 and —1, respectively, and consequently 

a® (3 = A 2 p. 

Proof. On H consider the real inner product (u,v) = Ke(uv). The inner product 
enables us to define the isomorphism of real vector spaces H(8)H = End R (IHI) : h\®h2 1— > 
(v 1 — y (hi,v)h 2 ). Under this isomorphism the space A 2 HI maps onto the subspace 
of all skew-symmetric endomorphisms on HI. Since the left multiplication Lh and 
the right multiplication by a pure imaginary quaternion h are skew-symmetric 
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endomorphisms of H, we get two inclusions A + : imH-> A 2 H and A : im EI — > A 2 H 
which are isometries (up to a multiple). It is easy to show that 

A + (h) = 1 A/i + iA/ii + j A/ij+kA/ik, A~(h) = lA/i + iAi/i + jAj/i + kA kh. 

Put u = 1 A i A j A k. Then one can check that 

A+(/i 1 )AA + (/i 2 ) = 8(h u h 2 )u, A-(/i 1 )AA-(/i 2 ) = -8(h u h 2 )u, A+ (h^ AA~ {h 2 ) = 0, 

which means that A + (imH) and A~(imH) correspond to the perpendicular eigenspaces 
for eigenvalues 1 and —1, respectively, of the Hodge star operator. Hence we get an 
isomorphism A + (imH) © A~(imH) = A 2 H. 

We have associated vector bundles A 2 /i = P Xso(e) A 2 H, a = p+(/i) = P x p+ imH, 
(3 = P-(/u) = P x p _ imH. Since the inclusions A + , A - are invariant with respect to 
actions of SO(H) given on imH by p + and p_, respectively, we may define A + : a — > 
A 2 n, A~ : {3 ->■ A 2 fi. The considerations above imply that A + (a) © A~(/3) = A 2 /i. □ 

Corollary 2.3. Every 4- dimensional oriented orthogonal vector bundle n is a (left) 
module over just two (up to orientation preserving isomorphism) quaternion algebras, 
namely M a and Hp where a = p + (//) and (3 = p_ (//) . The orientation of \x is canonical 
with respect to the M a - structure and is not canonical with respect to the HIg- structure. 
If —fj, is the same vector bundle with opposite orientation then 

P+(-v) = P-(l*), P-(-p) = P+(p)- 

Proof. An orientation of fi is determined by the choice of the SO(H)-principal bundle 
P such that fj, — P x SO ( H ) H and by the standard orientation of H. The standard 
orientation of imH gives an orientation to a = P x p+ imH and (3 = ? x p _ imE 
Hence \i has the canonical orientation as an H a -module which coincides with the 
canonical orientation of fi as a right Hg-module (given by the multiplication by i, j, k 
from the right). Using the previous proposition there are no other (up to orientation 
preserving isomorphisms) left and right quaternion structures on fi with compatible 
orientations. Since the left action of Hp is given by the right action of Hp and by the 
orientation reversing conjugation ~ : Hg — > Hg, the orientation of /i is not canonical 
with respect to the left Hg-structure. This implies the formulas. □ 

Lemma 2.4. The first Pontryagin classes of a and (3 are 

Pi(a) = Pi{p) + 2e(p), px((3) = pi(/i) - 2e(p). 

Proof. Let H be the Hopf H^-line bundle over the quaternionic projective bundle 
Hq,P(H^°). Since any H a -line bundle \x is a summand of a trivial H a -bundle over X, 
there is a section s : X — > H Q ,P(H^ > ) such that /i = s*(H). So it is enough to check the 
formulas for the bundle H. By the Leray-Hirsch Theorem, H*(M a P(U™)) = H*(X)[e\, 
where e is the Euler class of H. Further, the pullback of H to the sphere bundle 5 , (H^ D ) 
is H Q . So we have Pi(H) = pi(M a ) + ae, where a G Z. Restricting H to a point in X 
we get Hopf bundle over HP°° and determine that a = — 2. □ 

Definition 2.5. Two bundles H a and Hp are said to be Morita equivalent if there is 
a 4-dimensional real vector bundle /x and an isomorphism of bundles of algebras 

H« © R H° =End M (/i). 
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Such an isomorphism defines a morphism in the following category A4(X). The objects 
of M.{X) are the oriented 3-dimensional vector bundles over X. A morphism (3 — > a 
is represented by an isomorphism M a Cg) K EPg — > EndR(/z) , two such isomorphisms 
H Q <S> — >■ EndM(/i) and M a <g> — >■ End^/i') being regarded as the same if fi and 
y! are isomorphic as H Q g) H^-modules. The identity a — > a is given by = M. a . 
Composition is the tensor product: M a <g) — > End^(fi) and Hg <g) H° — >■ Endffi(z/) 
compose to H Q ® H° — >■ End]u(/i The category Ai(X) is a groupoid with 

the inverse of B. a <g> HPg -> End R (/i) given by the dual Ebj <g> H° -)■ End M (/i*) (or by 
Hg <g) H° — > End]g( / u), using the isomorphisms H Q — > H° and H3 — )■ and the inner 
product on /i). 

Morita equivalence is usually defined as an equivalence of categories of left modules. 
In our case both definitions are equivalent (in Proposition 12.61 we prove one direction) 
and we have chosen the one which is more suited to our purposes. 

Proposition 2.6. An isomorphism M. a £g> = EndiR(/z) determines an equivalence 
from the category of Hp-modules to the category of M. a -modules given by r] h-» /iCgie^ V- 

Proof. This is a consequence of the fact that M.(X) is a groupoid. □ 

There is a topological criterion for Morita equivalence: 

Theorem 2.7. Two bundles H Q and Hg are Morita equivalent if and only if W2{o) = 
w 2 (f3). 

Proof. The commutative diagram 

SO(4) - SU(4) — =*■ Spin(6) 



(p+.p~) 




SO(3) x SO(3) SO(6) 

implies that the double cover Spin(6) — > SO (6) pulls back, under the inclusion of 
SO(3) x SO(3) in SO(6), to (p+,p-) : SO(4) SO(3) x SO(3). Hence the obstruction 
to lifting from SO (3) x SO (3) to SO (4) is given by the sum of the second Stiefel- Whitney 
classes. □ 

Remark 2.8. In [10] the orthogonal Brauer group of a space X was defined as the 
quotient of the monoid of all bundles of simple central M-algebras over X (with a 
multiplication induced by the tensor product) by the submonoid of all bundles of 
the form EndR(/i) where [i is a real vector bundle over X. The inverse is given by 
the opposite algebra. Two bundles H a and are Morita equivalent if and only if 
they determine the same element of the Brauer group BrO(X). There is a group 
isomorphism 

BrO(X) H°(X; Z/2) © H 2 (X; Z/2), 
in which M a corresponds to (1, w 2 (q;))- 

If a and /3 are Morita equivalent, we can describe all the morphisms from a to in 
M.{X) from the knowledge of one of them. 
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Proposition 2.9. Given an isomorphism W a ®M.% = End^p) and a real line bundle S 
we use the isomorphism End^/i) — > Endnj(5(g>/i) defined by the tensor product with the 
identity on 5 to get M. a ® = EndR(5£g>/i). This defines a bisection from iP(A; Z/2) 
to Hom_yv((x)(/3, a). In particular, the automorphism group Aut^p^o) is isomorphic 
to H\X;Z/2). 

Proof. Isomorphisms H a (g) = End]g(/i) and M. a (g) = End]g(//) determine an 
isomorphism / : Endnj(/i) — > End^/i'). Since every automorphism of EndR(M 4 ) is 
inner, we can define 6 as the line bundle with the fibre at x generated by an isomor- 
phism g : fM x — >■ n' x such that f x (a) = gag -1 . Then the map g <g) v g{y) gives an 
isomorphism 5 £g> fi — > //. □ 

Corollary 2.10. For a given A- dimensional oriented orthogonal vector bundle \x the 
bundles a = p+(p) and (3 = p_(/i) are isomorphic if and only if \i has a 1-dimensional 
(not necessarily trivial) summand. 

With respect to the canonical orientations of a and (3 given by /i, this isomor- 
phism can only be orientation reversing. The existence of a 1-dimensional summand 
is equivalent to the existence of an orientation reversing involution of \i. 

Proof. If H Q (g) H° = End]R(/i), then by the previous proposition ji = 5 <g> H a for some 
S which is thus a subbundle of /i. Conversely, if an He-bundle /i has a subbundle S, 
then the multiplication gives an isomorphism p — > 5 <E> H a which means that p+(/i) = 



Lemma 2.11. Lei ct ; /3, 7 fre oriented 3-dimensonal vector bundles. Suppose that 
H a ® H° = End(p) ; % ® H° = End(^) so £/iat M. a ® H° = End(/i ® H/3 1/). Gfee /i ; z/ 



In oi/ier words, the Euler class gives a functor from Ai(X) to the group H 4 (X; Z). 

Proof. As in the proof of Lemma 12741 we use fibrewise classifying spaces. Let PUpiM.™) 
be the right quaternion projective bundle with the Hopf bundle Hi (a right Hlg-line 
bundle) and let H /3 P(EI^ ) ) be the left quaternion projective bundle with the left Hopf 
bundle H 2 . Then there are sections s x : X ->- PM /3 (H^) and s 2 : X -> U p P(Bf) 
such that /i = s*(Pi) and v = s 2 (.ff 2 ). So it is enough to look at the fibre product 
PM^MJf ) x x H^P(H^) and to show that e{H x <g> H/J tf 2 ) = e(Pfi) + e(P 2 ). 

Now P*(PH^(H~) x x H^P^)) = P*(X)[ei,e 2 ], where e { = e(P;). But e(Pi g> 
P 2 ) = aei + fe 2 with a, 6 G Z: it does not involve any element of H*(X) since 
the restriction of Hi (g) H P 2 to A is Hlg with the Euler class equal to zero. So one 
can calculate by restricting to the two factors PH^HI^) and H ( gP(EI^ ) (using the 
inclusion of A as PH^Hj) or H / gP(EI^)). The class restricts to e\ and to e 2 . Hence 
a = 6=1. □ 



p+(H Q ) =p_(M a ) = p_(/i). 



□ 



In Section 4 we will need 
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3. if-THEORY 

We define KSp^(X) to be the Grothendieck group of (left) H Q -bundles over the 
compact Hausdorff space X. The aim of this section is to compute KSp^(X) as a 
classical i^O-group. Let X a stand for the Thorn space of a. 

Theorem 3.1. There is an isomorphism 

KSp° a {X) -> KO°{M a ) = KQ-\X a ) 

given by mapping the class [£] to the element represented in KO -theory with compact 
supports by the linear map 

X I — y VX '. 7T*£ — > 7T*£ 

over v G M a , where it : M. a — >■ X is the projection. 

Remark 3.2. The .fT-groups give a functor a H- fTSp° (X) from JA(X) to the category 
of abelian groups arising from the functor H®^p described in Proposition 12.61 So a 
Morita equivalence H a © ffi — > Ends(/i) determines an isomorphism XSp°(X) — > 
XSp°(X), which translates into the Bott isomorphism 

KO°(Wp) ->■ KO°(U a ) 

given by an associated spin structure for the virtual real vector bundle M a — ELj = a— j3. 

We shall derive Theorem 13.11 from the following two propositions. The first is the 
Karoubi-Segal periodicity theorem as given in [7], Theorem 6.1. See also [T], Theorem 
3.3 and [H], pages 193-194. In the statement L is the representation R of Z/2 with 
the action of the generator as multiplication by —1. 

Proposition 3.3. Let ( be a real vector bundle over X . Then there is an isomorphism 
from the Grothendieck group KOc(n(X) of graded C(Q -modules, over the Clifford 
algebra C(() of a positive- definite inner product on (, to the Z*/2-equivariant KO- 
group of the total space of the "L/2-equivariant vector bundle L © (: 

KO c{0 (X)^KO z/2 (L®(), 

given by mapping the class of a graded (left) C(£) -module \i = Ho © Hi to the element 
represented by the linear map 

x i — y vx \ 7r*/i — > L <S> it* H\ 
over v G L © (, where tc : ( — > X is the projection. 

Suppose that an orthogonal vector bundle ( has dimension 4k and is oriented. Then 
we may define a central involution uj x g Co(Cr) by cj x = e\ • • • e^, where ei, . . . , 
is any positively oriented orthonormal basis of the fibre £ x at x G X. Then any 
graded C(£)-module // = Ho © Hi splits as a direct sum of two graded submodules 
H + = Ho ® Hi an d H — Ho ® Hi 

such that uj x acts as identity in the fibres of Ho 
and Hi, an d as multiplication by —1 in the fibres of Ho an d Hi - We will say that h is 
positive if h — H + ■> an d negative, if h — H~ ■ Then the Grothendieck group of graded 
C(C)-modules splits as a sum of the Grothendieck groups of positive and negative 
modules KO^^JX) © KO^^JX). The periodicity theorem ([7], Proposition 6.3 or 
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[5], Proposition 3.1) gives an isomorphism between KO%, 2 (L®0 and KO%, 2 ((). This, 
combined with the Karoubi-Segal theorem, establishes 

Proposition 3.4. Let ( be an oriented real vector bundle over X with dimension a 
multiple of 4. Then there is an isomorphism from the Grothendieck group of positive 
C{Q-modules to the KO-theory of the total space of Q 

given by mapping the positive C(() -module fi to the linear map 

X I — y VX '. 7T*/i —> 7T*/!i 

over v £ £. 

Proof of Theorem \3.1\ We apply the previous proposition with ( = R. © a. It will be 
convenient to name the generator of the first summand and write ( = Me © a. We 
show that positive graded C(£)-modules correspond to (ungraded) H Q -modules. 

Indeed, let /i = fio © /ii be a positive graded C(Re © a)-module. Put £ = fio. The 
inclusion of H a = Rl © a in Co(lRe © a) as Ml © eua gives £ an H Q -structure. Now 
Co(lRe © a) = M a © M a u, which, as a ring, is the product H Q x M. a (with the factors 
corresponding to the idempotents (1 ±oj)/2). In the opposite direction, given an HQ- 
bundle £, put fi = £. The inclusion W a C Co(Me © a) described above and the action 
of uj as the identity give /i the structure of a C (C)-module, which extends uniquely 
to a positive graded C(C)-module /i. □ 

4. Characteristic classes 

In this section we introduce characteristic classes for H^-bundles, then describe their 
properties and relation to the Stiefel- Whitney, Euler and Pontryagin characteristic 
classes. 

Given an H Q -module £ of dimension n over X, we have an associated projective bun- 
dle Hq,P(^) over X and a Hopf IHI Q -line bundle H (which we endow with the canonical 
orientation). The following proposition constructs characteristic classes <i"(£). 

Theorem 4.1. For every M. a -bundle £ of dimension n there are uniquely determined 
classes df{^) G H 4l (X; Z) ; 1 < i < n such that the integral cohomology ring ofM. a P(^) 
is given by 

iT(H Q P(0; Z) = H*(X)[t]/(t n - d^)t n - 1 + ■■■ + (-l)X(fl). 
where t = e(H) e H A (M. a P(^); Z) is the Euler class of the Hopf bundle H . 

Proof. This follows at once from the Leray-Hirsch Theorem, because the cohomology 
is freely generated as an H*(X; Z)-module by 1, t, . . . , £ n_1 . □ 

To derive the properties of the characteristic classes df we will use a splitting prin- 
ciple for Etta-bundles, which follows from Proposition 14.11 by induction, see [15] . 

Proposition 4.2. For each W a -bundle £ over X let p : F(£) — > X be the bundle whose 
fibre at x is the flag manifold of orthogonal splittings of £ x as a sum L\ © Li © • • • © L n 
of'M ax -lines. Thenp*{^) splits as a direct sum ofM. a -line bundles andp* : H*(X; Z) — > 
H*(F(^);Z) is injective. 
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To shorten our notation put d a (£) = 1 + (£) + ^2 (0 + ' — ^ ^n(0- We a l so wr ite 
c?o(0 — 1- The classes d a (£) have the properties that one would expect and determine 
the other characteristic classes of £ as a real vector bundle. 

Theorem 4.3. (a) The classes d a are multiplicative, i.e. d a (£©£') = d a (£)d a (£') for 
M a -vector bundles £ and 

(b) //£ zs an M a -bundle of dimension n with the canonical orientation, then its Euler 
class is e(f) = d%(£). 

(c) T/ie Stief el- Whitney classes of £ are 

n 

1 + + «; 2 (0 + • • • + w 4n (0 = ((! + ^(a) + ^ 3 («))"~ l 

i=0 

In particular, u> 2 (£) = n«j 2 (a). 

(d) T/ie Chern classes of the complexification of £ (and so iae Pontryagin classes 
PiU) = (-!)WC(g)£)) are awen fry 

4n n 
fc=0 i,j'=0 

where the classes qij(cx) are determined by the generating function 

ST ( ) i f j = (l-s)(l-t) + (e(a) 2 - Pl (a))st 

^0 ((! " s ) 2 + ( e («) 2 " Pi(«))* 2 )((l - + ( e («) 2 - Pi(«))* 2 ) ' 

Proof, (a) The proof is the same as in the case of the Stiefel- Whitney and Chern 
classes. 

(b) If n is an He-line, then df(/i) = e(/x) by definition. Now using the multiplicativity 
and the splitting principle, we get d"(£) = e(£). 

(c) There is a quotient map 7r : R-P(£) — > H Q P(£) from the real projective bundle to 
the H a -projective bundle. The Hopf H^-bundle H lifts to the tensor product H Q <S>H^ 
with the real Hopf bundle H K . So 

7r*(t) = x A + x 2 w 2 (a) + xw 3 (a), 

where x = wi(H^). Comparing our definition of d a with the corresponding definition 
of the Stiefel- Whitney classes (or using the splitting principle), we get our formula. 

(d) For an He-line bundle /i we have 

Ci(C<g>Ai) =0, c 2 (C®n) = 2e(n)-p 1 (a), c 3 (C <g> /1) = e(a) 2 , c 4 (C <g> //) = e(/i) 2 . 

From the splitting principle and multiplicativity, we can express the total Chern class 

of C <S> £ as 

n 

Y[( y 2 + 2ay, + b), 
3=1 

where is the i-th elementary symmetric polynomial in y 1; y 2 , • • • , Vm a — 1 an d 

6=1 + e(a) 2 — pi(a). The stated formula is obtained by computing in the polynomial 
ring Z[a, 6][yi, 112, . . . ,y n ] on formal variables a, b, yj by embedding Z[a, 6] as a subring 
of the polynomial ring Q[r, s], where a = r + s and b = rs. □ 
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Corollary 4.4. If n is even and £ admits an M a -structure for some a, then £ is spin. 
If n is odd and £ admits an H Q - structure, then w 2 (t;) = w 2 (a). □ 

Now we examine the relation between the characteristic classes and Morita equiva- 
lence. 

Proposition 4.5. Let M a eg) ffi = End]g(/i) and let rj be an M^-bundle. Then the 
characteristic classes of the W a -bundle £ = \i r\ are 

n n 
i=0 i=0 

Proof. For an Hg-line bundle rj this is Lemma 12.111 Applying multiplicativity (or by 
using the equivalence between H Q P(£) and M. a P(rj) under which the Hopf bundles 
correspond by tensoring with p), we get the formula. □ 

Using the Gysin exact sequence as in [1] or in [5] one can describe the cohomology 
rings of STSp(n). Denote by p 2 the reduction mod 2 and by A the corresponding 
Bockstein homomorphism. Let a and £ be the associated vector bundles with fibres 
iniH and HP, respectively, to the classifying TSp(n)-principal bundle -ETSp(n) over 
BTSp(n). Put w 2 = w 2 (a), p\ = p\{ot) and dj = df (£). 

Theorem 4.6. The cohomology rings of BTSp(n) are given by 

H*(BTSp(n); Z/2) = Z/2[w 2 , Sq 1 w 2 , p 2 d x , p 2 d 2 , . . . , p 2 d n ], 
H*(BTSp(n);Z) = Z[Aw 2 ,Pi, dx, d 2 , . . . , d n ]/(2Aw 2 ). 

The cohomology ring with Z/2 coefficients was described in [16] and [PT] . 

5. Complex quaternionic bundles 

In this section we will deal with bundles of quaternion algebras which admit as a 
subbundle a bundle of fields of complex numbers. Modules over them are complex 
vector bundles where the complex structure extends to a quaternionic structure. We 
will characterize bundles of quaternion algebras which are Morita equivalent to such 
bundles of algebras (Theorem 15. 8p . At the end we will derive a relation between the 
Chern classes and the classes d" introduced above (Theorem 15. 10p . 

We start with the description of bundles of fields of complex numbers. See [H] . 

Definition 5.1. A principal Aut(C) = 0(l)-bundle over X determines an orthogonal 
real line bundle S and a bundle of complex algebras Cj = M © 8. An element of the 
fibre 5 X with length 1 is a square- root of —1. We say that a real vector bundle £ over 
X is a C,5-bundle if it has a C^-module structure. 

If £ has a C^-structure, then as in Remark ll ,4l there is a real inner product g on £ such 
that the structure map C$ — > End(£) is a *-homomorphism, i. e. g(au,v) = g(u,av). 
Let i be an element of 5 X of the length 1 and put f(u, v) = —ig(iu, v). The real bilinear 
form / : £ x £ — > 5 is non-singular skew-symmetric and (u, v) = g{u,v) + f(u,v) is 
a C^-inner product which is C^-linear in the first variable and C^-conjugate-linear in 
the second. 
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Conversely, if a 2n-dimensional real vector bundle £ is equipped with a non-singular 
skew-symmetric real bilinear form £ x £ — > S, one can prove that there is a C^-structure 
on £. (See [9], Remark 5.5, or the proof of the similar Proposition 15.31 below.) 

Given a 2n-dimensional vector space with a complex structure, we can choose a 
compatible real inner product on it. It enables us to introduce a subgroup 

TU(V) = {g E 0(V) \ g(rv) = K(r)g(v) for some k E Aut(C) and all v E V} 

of O(V). Thus, TU(V) consists of the C-linear and the conjugate-linear isometries. 

As in the case of quaternionic structures, a 2n- dimensional orthogonal real vector 
bundle £ admits a C^-structure for some 5 if and only if its structure group 0(C n ) can 
be reduced to TU(C n ). 

Any 2-dimensional real vector bundle A has a canonical structure as a C^-line bundle, 
where 5 = det A. Moreover, C^-line bundles over X are classified by their Euler class 
in the cohomology group H 2 (X; Z(5)) with integral coefficients twisted by S. This 
also follows from the fact that TU(C) = 0(2). 

An n-dimensional C^-bundle has twisted Chern classes <4(£) E H 2 i(X; Z(<J® J ')) de- 
fined in the same way as the classes for an H Q -bundle. And these determine the 
Stiefel- Whitney classes of £: in particular, Wi(£) = nw\{8) and e(£) = c£(£). 

As in Section 3 one can show that the Grothendieck group Kg(X) of Cg- vector 
bundles is isomorphic to K0c(r®5)(X) and, hence, to KO%, 2 {L®Cg), and then define 
K0 5 (X) = KO l m {L ® Cg) for % E Z. See [9j. 

We now consider the situation in which a bundle of quaternions H Q admits a bundle 
of fields Cg as a subalgebra. 

Proposition 5.2. Let a be an S0(3)-bundle. Then M a admits a subbundle of the 
form Cg if and only if a = 5 © A, where X is a 2-dimensional orthogonal real vector 
bundle and 8 = A 2 A (or, in other words, if the structure group of a can be reduced to 
the subgroup 0(2) C S0(3);. 

Proof. On M a consider a real inner product in which the multiplication by a given 
element from W a is a *-homomorphism. If H a admits a Cg as a sub-algebra then the 
bundle A perpendicular to is a C^-line bundle. Hence 5 = A 2 A and a = 5 © A. □ 

We will denote the bundle of quaternions H^eA determined by an 0(2)-bundle A 
by simply W\. The following propositions give two necessary and sufficient conditions 
for a vector bundle to have MA-structure. 

Proposition 5.3. Fix a Cg-line bundle A. Let £ be a Cg-vector bundle. Then there is a 
natural correspondence, up to homotopy, between M\-structures on £ and non-singular 
skew-symmetric Cg -bilinear forms £ ©c 4 £ — > A. 

Proof. We will carry out all the constructions in fibres at a given point x E X. Sup- 
pose that £ has an ElA-structure. Then £ can be equipped with a real inner product 
from Remark 11.41 which is the first component of a C^-inner product as shown below 
Definition 15. II For every a E \ x the multiplication (p a (v) — a-v defines a C^-conjugate 
linear map £ — > £ such that fa{v) = — \a\ 2 v, where |o| is the norm given by the real 
inner product on H.\. For the adjoint we get ip* = —tp a - In the first place * means the 
adjoint with respect to the real inner product, but this translates into the adjoint for 
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the Ca-inner product. (For a conjugate-linear map ip, the adjoint is defined so that 
(tp(u),v) = (tp*(v),u) = (u,(p*(v)).) So we can define a skew-symmetric bilinear form 

(f(u,v),a) = (u,cp a {v)) 
using the C^-inner product. / is non-singular since (p a is non-singular for a ^ 0. 

Conversely, given /, we define a C^-conjugate linear map ip a : £ x — > £ x by (u, i> a {v)) = 
(f(u,v),a). Then ip* = —ip a and ip a o ip* is C^-linear and positive definite for a ^ 0. 
So we can define 

Pa=\a\(iJ a r a )- 1/2 ^a 

with ip 2 a = —\a\ 2 and ip* a = —ip a - 

These two constructions define maps from HA-structures to non-singular skew- 
symmetric bilinear forms and back. Composing in one direction we get the identity on 
HA-structures. In the other direction we get a homotopic form, through the homotopy 
(|a|(^)- 1/2 )',0<t<l. □ 

Proposition 5.4. Let £ be a An- dimensional orthogonal real vector bundle. Then £ 
admits an M\-structure for some complex line bundle A if and only if the structure 
group of £ can be reduced from SO(H n ) to TSp(H n ) R U(H n ) ; and an H.\- structure 
for some C$-line bundle A and some 5 if and only if the structure group reduces to 
TSp(H") nTU(H n ). 

Proof. Use Lemma 11.51 and the analogous statement for C^-structures. □ 

It is advantageous to express the intersections of the groups as quotients of products. 

Lemma 5.5. For any 4n- dimensional real vector space V with a left M-module struc- 
ture 

TSp(V) n V(V) = U(l) • Sp(V) = (U(l) x Sp(lO)) /(Z/2), 
TSp(V) n TU(V) = TU(1) • Sp(V) = (TU(1) x Sp(V))) /(Z/2). 

Proof. Let us prove only the second formula. Consider an element of TSp(V) given 
by an isomorphism v h- > ag(v) where a G Sp(l) and g G Sp(V). This element lies in 
TU(V) if and only if it is a C-linear or conjugate linear isometry. Since g is C-linear, 
this means that for all z G C either az = za or az = za. Hence a G U(l) U jU(l) = 
TU(1) C Sp(l). □ 

Now we return to the construction from the beginning of Section 2. A 2-dimensional 
complex bundle \i or, more generally, a 2-dimensional C^-vector bundle has a natural 

orientation as a 4-dimensional real vector bundle. The double cover SO(H) ^ p+ ' p \ 
SO(3) x SO(3) considered in Proposition 12.11 restricts to maps 

U(2) = U(H) SO(3) x SO(3), TU(2) = TU(H) -> SO(3) x SO(3). 

Since TSp(H) = SO(H), we can apply Lemma [5.51 to get 

U(2) = U(l) • Sp(l) = Spin c (3), TU(2) = TU(1) • Sp(l). 

Lemma 5.6. Let \i be a 2-dimensional Cg-vector bundle. Then /i is an M\-line bundle, 
where A = A^. a, and also an Endn x (//)-/me bundle. 
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Proof. It follows from Proposition 15.31 that p has an H^-structure. Then H°_, j = 
Ende A (p) by Proposition 12.11 and p_ (ji) is the bundle of skew-Hermitian endomor- 
phisms of p. □ 

The homomorphism p_ restricted to TU(2) = TU(1) • Sp(l) is the projection onto 
SO (3). We prove that the structure group SO (3) of an oriented 3-dimensional real 
vector bundle /3 can be lifted to TU(2) if and only if there are a real line bundle S and 
an element I G H 2 (X; Z(5)) such that w 2 ((3) = p 2 l + wf(5). 

The condition is necessary. According to Lemma [5.61 for a 2-dimensional C5- vector 
bundle p with p_ (//) = (3 we have p + (p) = 5 © A and Proposition 12.11 implies that 
w 2 (/3) = iw 2 (p+(m)) = P2e(A) + wl(5). 

To show that the condition is sufficient take the C^-line bundle A with the Euler class 
I. Then by Proposition 12.71 the quaternion bundles Ha and H.p are Morita equivalent 
and the vector bundle p from the definition of the equivalence has the structure group 
TU(2). So we obtain 

Lemma 5.7. Let be an oriented 3-dimensional vector bundle with 11)2(0) — P2Q) + 
wf(S) for an element I 6 H 2 (X;Z(5)) and a real line bundle 5. Then there is a 
2-dimensional Cs-vector bundle p such that detc 4 p, — X, where e(A) = I, and 

% = End H »°. 

For 5 trivial, if (3 is a 3-dimensional Spin c real vector bundle, then Hg is Morita 
equivalent to an Ha for some complex line bundle A. 
Applying Proposition 12.61 we obtain: 

Theorem 5.8. Let rj be a An- dimensional real vector bundle. Then n admits an Hg- 
structure with w 2 (/3) = p 2 (l) + w\(5) for an I e H 2 (X;Z(5)) and a real line bundle S 
if and only if for the Cs-line bundle A with e(A) = I there exists an W\-tine bundle p 
and an n-dimensional W\-vector bundle £ such that 

7) = pf ®u x £ = Hom HA (p,0- 
The twisted quaternionic Mp-structure is given by the action of the bundle Ende A (A0°- 

The following statement is a complement to Proposition 12. II 

Lemma 5.9. Suppose that the oriented orthogonal 4- dimensional bundle p is an or- 
thogonal direct sum p © p\ of two 2-dimensional subbundles. Write 5 = det p = 
det^i, so that p and pi become Cg-bundles. Then p + (p) = 5 © (p <S>c e p\) and 
P-(p) = 5 © (po ©c a Pa); where the conjugate is given by conjugation on C$. 

Proof. The vector bundle p = po © pi has the structure group 0(2) • 0(2) = TU(1) ■ 
TU(1) C TU(2). So it follows from Lemma [5.61 that p+(p) is given by the projection 
onto the first factor TU{1) and is equal to 5 © Aq(/i © pi) = 5 © (po ©q Pi)- 
Since the orientation of po © pT is opposite to that of p, 

= p+(p ®pl) = 5 © (p ©q Pi)- 

□ 

In the case that A is a C^-line bundle, and a = 5 © A we can express the Chern 
classes c\ in terms of the classes . 
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Theorem 5.10. Let a = 5 © A, where X is a Cs-line bundle. Let £ be an M a -bundle 
of dimension n. Then 

n 

i + 4(0 + ■■■ + 4 n (0 = £(i + c*(A)rvf (o. 

i=0 

In particular, 4(0 = nc\ (A). 

Proof. We use the splitting principle for HQ-vector bundles and multiplicativity of the 
Chern classes c 5 = 1 + 4 + 4 + ■ . . and the characteristic classes d a . Thus it is sufficient 
to carry out the proof only for n = 1. Let \x be an HA-line, where A is a C^-line. Then 
cf(/i) = cf(A), since we may assume that X is a 3-dimensional CW-complex, over 
which ji = Cs © A. Further, c^/x) = e(/i) = d"(n). Consequently, 

i + 4(h) + 4(n) = i + c{(\) + d«(v). 

□ 

Remark 5.11. Consider an SO(3)-bundle a and an H^-bundle £ over X. We can 
lift to the sphere bundle of a by 7r : S'(a) — >■ X. Over S'(a) we have a complex line 
bundle A such that 7i*a — R © A. So 7r*£ is an H^-bundle. In particular, 7r*^ is 
complex and has Chern classes in H*(S(a)). Since the Euler class of a is 2-torsion, we 
have a rational splitting: H 2i (S(a); Q) = # 2i (X; <Q>) © iJ 2 ^" 1 ^^; Q). More precisely, 
H*(S(a);Q) is an Q)-module with a generator s G H 2 (S(a);Q) subject to a 

relation s 2 + as + b = for some elements a e H 2 (X; Q) and 6 G H 4 (X; Q). If e(a) = 0, 
this is true also over Z. 

Now using Theorem 15.101 and naturality of the classes di, the Chern classes of 7r*£ 
are 

n 

i + ^(n) + • ■ ■ + C2 „(tt*£) = 5^(1 + c^r-^dno- 

i=0 

If X is an almost quaternionic smooth manifold as in Remark II. 6[ then the tangent 
bundle of S(a) being isomorphic to A©7r*rX has a complex structure, i.e. the twistor 
space S(a) is almost complex, which is well known in quaternionic geometry. 

6. Complexified quaternionic bundles 

Given a real line bundle 5 and an oriented 3-dimensional vector bundle a (with inner 
product) we may consider the bundle of algebras M a © Cg. It depends only on the 
3-dimensional vector bundle 5 © a. Indeed, it may be identified with the (ungraded) 
Clifford algebra bundle C(a © 5) with the positive-definite quadratic form. Locally, if 
e ii e 2i 63 is an orthonormal basis of a © S then the corresponding fibre of C(a © 5) 
is generated by e±, e<n 63 with ef = 1 and e^- = —ejti for i 7^ j, the fibre of is 
El © R(eie2es), and the fibre of M a is El © E(eie2, e2e3, e\e^). The centre (formed in 
each fibre) is Cs- 

There is an M-algebra isomorphism H© C — > Endc(H), that is M2(C), under which 
the group of automorphisms AutR(H) x Aut«(C) maps to the retract SU(2)/{±1} x 
Aut R (C) of the full automorphism group GL(2)/C* x Aut R (C) of M 2 (C). 
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Consequently, we can describe bundles of algebras W a ® C$ as just those IR-algebra 
bundles with fibres of type H®C which have the structure group Aut K (H) x Aut K (C) = 
S0(3) x 0(1) = 0(3). 

Consider a 4-dimensional C^-vector bundle p which is a left M. a ® C^-bundle. This 
means that the fibre is isomorphic to the complex vector space H®C with the obvious 
action of the algebra H <g> C. On p we can choose a real inner product such that the 
action M a <g> Cs — > End Ci5 (p) is a *-homomorphism. We will show that p is associated 
to a principal bundle with the structure group TSp(H) ■ TU(C) = SO(H) ■ TU(C) C 
TU(H <g> C). In traditional terminology this is the group (S0(4) x TU(1))/{(±1} = 
S0(4) -TU(1) C TU(4). Put 

Fr(/i) = {/ G HomR(EI(g> C, p) | / preserves the inner product, f(rv) = n(r)f(v) 

for some re G Iso(H, H Q ) x Iso(C, C s ) and all v G H <g> C, r G H <g> C}. 

Then P = Fr(/i) is a principal bundle with the structure group TSp(H) • TU(C) 
such that p = P x TSp ( H ).TU(c) (EI ® C) and H Q <g> C5 = Px p (H®C), where p : 
TSp(H) • TU(C) ->■ Aut R (M) x Aut R (C) is the projection. This proves 

Proposition 6.1. A 4-dimensional Cg-vector bundle has anM a ®Cs-module structure 
if and only if its structure group TU(4) can be reduced to S0(4) • TU(1). 

Now we can proceed as in Section 2. In many of the arguments S0(4) • TU(1) plays 
the role taken there by SO (4). 

Since TU(1) is a semidirect product of groups U(l) and Z/2, its elements can be 
described by pairs (c, s) G U(l) x Z/2 having the action on C given by (c, l)z = cz 
and (c, — \)z = cz. Consider the covers 

Sp(l) x Sp(l) x TU(1) -)• S0(4) • TU(1) (p+ ' P " Po) > S0(3) x S0(3) x TU(1) 

given by mapping (a, b, (c, s)) G Sp(l) x Sp(l) x TU(1) to the map g : EI <S> C — >■ 
C : v<S>z !->■ at> 6® (c, s)z and 5 to (p + (g), p_(g), p (g)) = (p(a), p(b), z i-> (c 2 , s)z). 
Further, let r : S0(4) • TU(1) ->■ Aut(C) = Z/2 be the map r(c?) = s. 

Proposition 6.2. Lei fi be a 4-dimensional Cs-vector bundle over X the structure 
group of which can be reduced to S0(4) -TU(l). Put a = p+(p), (3 = p_(/i) ; a = Po(/-0- 
Then Cs = t(/j) ; the vector bundle p is a left H Q ® Cs-module and a right Hp <S> C$- 
module, a is a C$-line bundle and there is a canonical isomorphism of bundles of 
Cs- algebras 

(H Q ® Q) ® Cf (% ® Q)° = (Ha <g) H°) ® C 5 ^ End Q (/j). 

Moreover, there are canonical isomorphisms of vector bundles 

(a ® (3) ® a = A 2 Cg p and a® 2 ® c , A 4 /i = C s 

where a is the conjugate vector bundle to a. 

Conversely, if a is an oriented orthogonal 3- dimensional vector bundle and p is an 
Hq, eg) Cs- bundle of dimension 4 over Cs, then the real form of a® 2 cg> Ci A 4 /i acquires 
an orientation under which p+{p) is identified with a, r(/i) is identified with Cs and 
(3 = P-(/i) is characterized by an isomorphism (of bundles of algebras) 

(Up®Cs)° = End Ma ® Cs (p). 
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Proof. The 4- dimensional C-vector space EI ® C is the complexification of the real 
vector space H. Now we can carry out the proof by complexifying all the vector spaces 
imH, Endx(H), EI ® HP, A 2 H, A 4 EI and the homomorphisms used in the proof of 
Proposion 12.11 and Lemma 12.21 by checking that these complexified homomorphisms 
are invariant with respect to appropriate actions of SO(4) -TU(l) and by writing a, ft, 
C$, a, Aq/U and Aq as vector bundles associated to a SO (4) • TU(l)-principal bundle 
determined by p. Details are left to the reader. □ 

Remark 6.3. The isomorphism A^. p = a® 2 implies that c\(p) = 2cf (er), and from 
the isomorphism (a © ft) ® a = A^p we get 2c 2 (p) = -pi{a) - pi(ft) + 3(cf(cx)) 2 . 

Proposition 6.4. Given 3- dimensional oriented vector bundles a, ft and a Cs-vector 
bundle a, there is a A- dimensional vector bundle p such that p+(fi) = a, P-(p) = ft 
and po(n) — cr if and only if w 2 (a) = w 2 (a) + w 2 (ft). 

Proof. The commutative diagram 

SO(4) ■ TU(1) SU(4) ■ TU(1) -=*■ Spin(6) ■ TU(1) 

(ft+,P-,Po) 

SO(3) x SO(3) x TU(1) SO(6) • TU(1) 

implies that the double cover Spin(6) ■ TU(1) —> SO(6) • TU(1) pulls back, under the 
homomorphism (a, b, c) !->• (a + b) <g> c, to (p + , p_, p Q ). Hence the obstruction to lifting 
fromSO(3) x SO(3) x TU(1) to SO(4)-TU(l) is given by w 2 (a) = w 2 {a)+w 2 {ft). □ 

Definition 6.5. For each 5 we define a Morita category M.$(X) with objects the 
oriented 3-dimensional orthogonal vector bundles a, ft and morphisms ft — > a given 
by a C^-isomorphism of algebras 

(Ha ® C s ) ® Q (% ® C s )° = (H a ® W p ) <g> C s -> End c », 

where p is a 4-dimensional Cj-vector bundle, up to isomorphisms of p. 

Given any C^-line bundle A, we use the isomorphism Endc 4 (/i) = Endc 5 (A <S>c s p) to 
get an action of the Piccard group Pic^X) = H 2 (X;Z(5)) on H.om Ms (x)((3, a), and 
then, as in Proposition 12.91 we have AutM s (x)( a ) = Pics{X). 

Proposition 16.41 implies immediately 

Theorem 6.6. There is a morphism from ft to a in M.$(X) if and only if e(a <g) 6) — 

e{ft®5). 

Proof. Denote the Bockstein homomorphism corresponding to the exact sequence — > 
Z(S) -> Z(6) -> Z/2 ->■ by A s . A Cj-line bundle a such that w 2 (a) = w 2 {a)+w 2 {ft) 
exists if and only if /S.$w 2 (a) = Asw 2 (ft) and this is equivalent to our condition, since 
e(a® 5) = A s {w 2 (a) +wf{5)). □ 

Proposition 6.7. Any isomorphism M a ® Wp ® C$ = Endc 4 (p) determines an equiv- 
alence from the category of Hp ®Cs -modules to the category of M a ®Cs -modules given 
by 
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As a consequence we get 

Corollary 6.8. Let e(a©<5) = 0. Then there is an M. a ®Cs-bundle u of 'C $ -dimension 
2 such that any M. a © Cs-bundle of C$- dimension In is of the form u ©q C f or a 
Cs-bundle ( of dimension n. 

Proof. Just as H © C = End c (H), we have H Cf © C 5 = End Q (e c J. Every H Q © C 5 - 
bundle 7? is therefore of the form Hq ©q C> where £ = Homn,, ®c 5 (Hq, 77). 

Since e((S © C^) © 5) — = e(a © 5), there is an isomorphism from 5 © Ca to a in 
.Ms (A) represented by a 4-dimensional vector bundle /i. Now any H a © C^-bundle is 
of the form 

H ®Hc 4 ®c 4 (H c , ©c a C) = in ®H C5 ®c 6 He J ©q C- 
Putting oj = fi ©h Ci5 ®c 5 Hc«j we get the assertion. □ 

Remark 6.9. Consider a compact Hausdorff space Y with an involution. Let E 
be a complex vector bundle over Y and let J : £ — > £ be a conjugate-linear map 
lifting the involution on K such that J 2 = —1. The pair (E, J) is variously called 
a quaternionic or symplectic bundle over Y, [121 Ell HI]- We relate this notion to 
complexified quaternionic bundles in our sence. 

Let CP(H) be the complex projective space modelled on the 2-dimensional complex 
vector space H with the involution given by multiplication by j. Define A to be the 
quotient of Y x CP(H) by the free involution. Let S be the real line bundle over A given 
by the double covering p : Y x CP(H) — >■ X. We associate with E a vector bundle n 
such that the fibre over x £ X is i] x = E y @E y i where p~ x {x) = {y, y'}. This bundle has 
an EI © C^-structure. The multiplication by j G H is given by j(w, t> ) = (Jv, Ju). The 
C^-structure is defined as follows. Let t be the involution (—1,1) : E y @E y i — r) x — > rj x , 
and t' = —t. Then ti = it and ij = — jt. So (i£)i = i(it) and (it)j = j(i£), and 
(it) 2 = —1. So we can use it = —it' to define the C^-structure commuting with the 
M.- multiplication. 

In the same way the complex Hopf bundle H over CP(H) determines an EI © C$- 
vector bundle u over X of complex dimension 2 (where u x = H y @H y i). As in Corollary 
16.81 there is a C^-bundle ( = Hom H0C4 (c<;, 77) over A such that rj = uj ©q C- Its lift to 
Y x CP(H) is P © c H. 

Remark 6.10. One can define a Brauer group Br 115(A) of central simple C^-algebras 
and show that it is isomorphic to TorP 3 (A; Z(5)). The class of M a © C5 = C(a © 5) 
is e(a © 5). 

There is a complex A-theory of M. a © C^-vector bundles modelled on the real K- 
theory of Section 3. 

Proposition 6.11. There is an isomorphism from the Grothendieck group of H Q ©C,5- 
modules over X to K®(M a ), the Kg-theory with compact supports, given by mapping 
the class [£] to the element represented by the linear map 

X I — y VX '. 7T*£ — > 7T*£ 

over x G M. a , where ir : H Q — > X is the projection. 
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